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Abstract
By using the Darboux transformation, we obtain two new types of exponential-and-rational mixed
soliton solutions for the defocusing nonlocal nonlinear Schro¨dinger equation. We reveal that the first type
of solution can display a large variety of interactions among two exponential solitons and two rational
solitons, in which the standard elastic interaction properties are preserved and each soliton could be
either the dark or antidark type. By developing the asymptotic analysis method, we also find that the
second type of solution can exhibit the elastic interactions among four mixed asymptotic solitons. But in
sharp contrast to the common solitons, the mixed asymptotic solitons have the t-dependent velocities and
their phase shifts before and after interaction also grow with |t| in the logarithmical manner. In addition,
we discuss the degenerate cases for such two types of mixed soliton solutions when the four-soliton
interaction reduces to a three-soliton or two-soliton interaction.
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1
1 Introduction
Recently, it has become an active topic to study the integrable nonlocal evolution equations in nonlinear
mathematical physics and soliton theory. In 2013, Ablowitz and Musslimani first proposed the following
nonlocal nonlinear Schro¨dinger (NLS) equation [1]:
iut = uxx + 2εu
2u¯ (ε = ±1) , (1)
where u is a complex-valued function of real variables x and t, ε = 1 and ε = −1 represent, respectively, the
focusing (+) and defocusing (−) nonlinearity, and the bar denotes the combination of complex conjugate
and space reversal, i.e., u¯ = u∗(−x, t). Compared with the standard (local) NLS equation, the cubic
nonlinear term |u|2u is replaced with u2u¯, so that the evolution dynamics of the field in Eq. (1) is non-
locally dependent on the values of u at both the positions x and −x. Also, this equation is said to be
parity-time (PT ) symmetric since it is invariant under the combined action of parity operator P (x→ −x)
and time-reversal operator T (t→ −t, i→ −i). As a matter of fact, Eq. (1) can be viewed as a linear PT -
symmetric Schro¨dinger equation i ut = uxx + V (x, t)u with the self-induced potential V (x, t) = 2 ε uu¯
satisfying the PT -symmetric relation V (x, t) = V ∗(−x, t). This makes Eq. (1) relate to the PT -symmetric
physics [2], and may bring potential applications in some unconventional physical systems [3, 4].
It is remarkable that Eq. (1) is a Hamiltonian integrable model in the sense of admitting the Lax pair
and an infinite number of conservation laws, and that its initial-value problem can be solved via the inverse
scattering transform (IST) [1, 5–9]. In the past few years, this equation has attracted intensive attention
and its integrable properties and solution dynamics have been studied from different points of view. Some
progresses have been made in the following aspects: the IST scheme for solving Eq. (1) with nonzero
boundary conditions [7], gauge equivalence to the unconventional system of coupled Landau-Lifshitz equa-
tions [4], complete integrability of a whole hierarchy of nonlocal NLS equations [10], long-time asymptotic
behavior of the solution with decaying boundary conditions [11], connection between nonlocal and local
NLS equations through the variable transformation [12], exact soliton and rogue-wave solutions by different
analytical methods [1, 3, 5–7, 13–26]. In addition, by considering the parity/time reversal, charge conju-
gation, space/time translation and their proper combinations, many other integrable nonlocal models have
been obtained from their local counterparts. Typical examples include the nonlocal reverse space-time NLS
equation [8], semi-discrete NLS equation [27], vector (or multi-component) NLS equation [28, 29], deriva-
tive NLS equation [30, 31], modified Korteweg-de Vries equation [5, 6, 32], sine-Gordon equation [5, 6, 9],
Davey-Stewartson (DS) equation [6, 33], N -wave system [34], Sasa-Satsuma equation [35] and various
nonlocal Alice-Bob systems [36, 37].
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As shown in the previous studies [1, 3, 5–7, 13–25], the nonlocal NLS equation possesses abundant
localized-wave solutions and their dynamical behaviors are distinguished from those in the local counter-
part. The focusing nonlocal NLS equation has the bright-soliton, dark-soliton, rogue-wave and breather
solutions [1, 3, 13, 21–23], simultaneously. Those solutions are bounded only for some particular para-
metric choices, but they in general develop the collapsing singularities in finite time [1, 5, 22, 23]. For the
defocusing case, Eq. (1) admits the exponential soliton solutions as well as the rational soliton solutions
on the same continuous wave (cw) background ucw = ρ e
i (2ρ2t+φ) (with ρ 6= 0 and φ being two real pa-
rameters) [7, 14–18]. Both types of soliton solutions can display a rich variety of elastic interactions and
each asymptotic soliton could be either the dark or antidark type. In contrast to the standard elastic soliton
interactions, some unusual interaction properties have been revealed: the exponential N -soliton solution
contains generally 2N interacting solitons [14]; the rational soliton experiences no phase shift when inter-
acting with another rational one [15]; the asymptotic solitons in the higher-order rational solutions have the
t-dependent velocities because their center trajectories are localized in some curves in the xt plane [16].
However, whether for the focusing or defocusing nonlocal NLS equation, the stability of localized-wave
solutions can be easily destroyed if there is a small shift for the initial value in the x coordinate [3, 14, 15].
It is known that the Darboux transformation (DT) is an algebraic iterative method which can generate
an infinite chain of explicit solutions for the Lax integrable equations from a trivial seed [38]. Lately, we
have succeeded in constructing the exponential and rational soliton solutions of the defocusing nonlocal
NLS equation [14, 15] by the elementary and generalized DTs. If the potential is given by the cw solution
ρ ei (2ρ
2t+φ), the Lax pair of Eq. (1) with ε = −1 usually has the solution in the exponential form (see
Eq. (14) below), but such solution will reduce to a rational one (see Eq. (15) below) when the spectral
parameter takes the critical value λ = iσρ (σ = ±1). As a result, the elementary DT can be used to
derive the exponential soliton solutions based on a set of N linearly independent solutions at different
spectral parameters {λk}Nk=1 with λk 6= iσρ [14], while the generalized DT can generate the rational soliton
solutions when all λk’s degenerate to iσρ [15]. However, it is also possible for N spectral parameters to
partially degenerate to iσρ or the degeneration occurs at any non-critical value. That is to say, quite a
number of degenerate cases have been overlooked in the existing literature although they can still be dealt
with via the generalized DT. With this consideration at N = 2, we in this paper construct two new types
of exponential-and-rational mixed soliton solutions for the defocusing nonlocal NLS equation. We reveal
that the first type of solution can display a large variety of elastic interactions, in which there are in general
two exponential solitons and two rational solitons, and each interacting soliton could be either the dark or
antidark type. For the second type of solution, we develop the asymptotic analysis method and find that the
solutions contain four mixed asymptotic solitons and each one can also display the dark or antidark soliton
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profile. Very specially, all the center trajectories of mixed solitons are localized in some curves in the xt
plane, so that they have the t-dependent velocities and their phase shifts before and after interaction grow
with |t| in a logarithmical manner.
The structure of this paper is organized as follows: In Section 2, we review the elementary and gener-
alized DTs of Eq. (1), as proposed in Refs. [14, 15]. In Section 3, for the case λ1 = ibρ (0 < |b| < 1) and
λ2 = iσρ, we use the elementary DT to construct the first type of mixed soliton solution, and reveal the elas-
tic soliton interaction properties through an asymptotic analysis. In Section 4, for another case λ2, λ1 → ibρ
(0 < |b| < 1), we derive the second type of mixed soliton solution by the generalized DT. Specially, we
develop the asymptotic analysis method and obtain some uncommon soliton interaction properties which
have never been reported before. In Section 5, we address the conclusions and discussions of our work.
2 Darboux Transformation
As a special gauge transformation leaving the form of Lax pair invariant, the DT comprises of the eigen-
function and potential transformations [38, 39]. Since Eq. (1) is an integrable model, it has the Lax pair in
the form [1]:
Ψx = UΨ =

 λ u(x, t)
−εu∗(−x, t) −λ

Ψ, (2a)
Ψt = VΨ =

 −2iλ2 − iεu(x, t)u∗(−x, t) −2 iλu(x, t) − iux(x, t)
2iελu∗(−x, t)− iεu∗x(−x, t) 2iλ2 + iεu(x, t)u∗(−x, t)

Ψ, (2b)
where Ψ = (f, g)T (the superscript T represents the vector transpose) is the vector eigenfunction, λ is the
spectral parameter, and Eq. (1) can be recovered from the compatibility condition Ut−Vx+U V −V U = 0.
Assume that Ψk =
[
fk(x, t), gk(x, t)]
T (1 ≤ k ≤ N ) are N linearly-independent solutions of Eqs. (2a)
and (2b) with different spectral parameters λk (1 ≤ k ≤ N ), where λk cannot be taken as a real number to
avoid the trivial iteration of the DT. One can check that Ψ¯k =
[
g∗k(−x, t), εf∗k (−x, t)
]T
also solves Eqs. (2a)
and (2b) with λ = λ∗k. Based on the work in Ref. [14], the N th-iterated elementary DT can be constituted
by the eigenfunction transformation
Ψ[N ] = T[N ]Ψ, T[N ] =


λN −
N∑
n=1
an(x, t)λ
n−1 −
N∑
n=1
bn(x, t)(−λ)n−1
−
N∑
n=1
cn(x, t)λ
n−1 λN −
N∑
n=1
dn(x, t)(−λ)n−1

 (3)
and the potential transformation
u[N ](x, t) = u(x, t) + 2 (−1)N−1bN , u∗[N ](−x, t) = u∗(−x, t) + 2 εcN . (4)
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The functions an(x, t), bn(x, t), cn(x, t) and dn(x, t) (1 ≤ n ≤ N) are uniquely determined by
T[N ] |λ=λkΨk = 0, T[N ] |λ=λ∗k Ψ¯k = 0 (1 ≤ k ≤ N), (5)
and particularly bN and cN can be represented as
bN = (−1)N−1 τN+1,N−1
τN,N
, cN =
τN−1,N+1
τN,N
, (6)
with
τM,L =
∣∣∣∣∣∣
FN×M GN×L
εG¯N×M F¯N×L
∣∣∣∣∣∣ (M + L = 2N), (7)
where the block matrices FN×M =
[
λm−1k fk(x, t)
]
16k6N,
16m6M
,GN×L =
[
(−λk)m−1gk(x, t)
]
16k6N,
16m6L
, G¯N×M =[
λ∗m−1k g
∗
k(−x, t)
]
16k6N,
16m6M
and F¯N×L =
[
(−λ∗k)m−1f∗k (−x, t)
]
16k6N,
16m6L
.
We notice that the elementary DT cannot apply to the degenerate cases when some of the spectral
parameters {λk}Nk=1 coincide with each other because the coefficient matrix in Eq. (5) becomes singular.
This difficulty may be overcome by the idea of Matveev’s generalized DT [40, 41]. Let us consider the
following general case:
λk1+1, . . . , λk2−1 → λk1 , λk2+1, . . . , λk3−1 → λk2 , · · · , λkn+1, . . . , λN → λkn , (8)
where 1 = k1 < k2 < · · · < kn ≤ N (λki 6= λkj , 1 ≤ i < j ≤ n, 1 ≤ n ≤ N ). For convenience, we define
that li = ki+1 − ki − 1 for 1 ≤ i ≤ n− 1 and ln = N − kn, and assume that
fki+h(x, t) = fki(x, t, λki+h), gki+h(x, t) = gki(x, t, λki+h), (9)
where λki+h = λki + ǫi, 1 ≤ h ≤ li (li > 0), ǫi’s are small parameters. By expanding λm−1ki+hfki and
λm−1ki+hgki in the Taylor series of ǫi and taking the limit ǫi → 0, the functions an(x, t), bn(x, t), cn(x, t)
and dn(x, t) in T[N ] can be uniquely solved from Eq. (5) again. As a result, the potential transformation is
replaced by
u[N ](x, t) = u(x, t) + 2
τ ′N+1,N−1
τ ′N,N
, u∗[N ](−x, t) = u∗(−x, t) + 2 ε
τ ′N−1,N+1
τ ′N,N
, (10)
with
τ ′M,L =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
F ′l1×M G
′
l1×L
...
...
F ′ln×M G
′
ln×L
εG¯′l1×M F¯
′
l1×L
...
...
εG¯′ln×M F¯
′
ln×L
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(M + L = 2N), (11)
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in which the block matrices F ′li×M =
[
f
(m−1,j)
ki
(x, t)
]
0≤j≤li,
1≤m≤M
, G′li×L =
[
(−1)m−1g(m−1,j)ki (x, t)
]
0≤j≤li,
1≤m≤L
,
G¯′li×M =
[
g
∗(m−1,j)
ki
(−x, t)
]
0≤j≤li,
1≤m≤M
and F¯ ′li×L =
[
(−1)m−1f∗(m−1,j)ki (−x, t)
]
0≤j≤li,
1≤m≤L
(1 ≤ i ≤ n), and
the functions f
(m−1,j)
ki
and g
(m−1,j)
ki
are defined by
f
(m−1,j)
ki
(x, t) =
1
j!
∂j [λm−1ki+h fki(x, t, λki+h)]
∂λjki+h
∣∣∣
ǫi=0
, (12)
g
(m−1,j)
ki
(x, t) =
1
j!
∂j [λm−1ki+h gki(x, t, λki+h)]
∂λjki+h
∣∣∣
ǫi=0
, (13)
where 1 ≤ i ≤ n, 1 ≤ m ≤ N , 1 ≤ h ≤ li, and particulary f (0,0)ki (x, t) = fki(x, t), g
(0,0)
ki
(x, t) = gki(x, t).
Therefore, we call Eqs. (3) and (10) the N th-iterated generalized DT, which is applicable to any choice
of the spectral parameters {λk}Nk=1 only if λk 6= λ∗k. One should note that the potential transformation in
Eq. (4) corresponds to the particular case of the generalized one in Eq. (10) when n = N .
With the cw solution ucw = ρ e
i (2ρ2t+φ) (where ρ 6= 0 and φ are two real parameters) as a seed, we
implement the DT-iterated algorithm for Eq. (1) with ε = −1. In this case, depending on the value of the
spectral parameter, the Lax pair (2a) and (2b) has two different solutions:

fk
gk

 =

 e
2 iρ2t+iφ
2
(
αke
hkξk + βke
−hkξk)
e−
2 iρ2t+iφ
2
[αk(hk−λk)
ρ
ehkξk − βk(hk+λk)
ρ
e−hkξk
]

 (λk 6= iσρ), (14)

fk
gk

 =

 e
2 iρ2t+iφ
2
[
αk(x+ 2σρt) + βk
]
e−
2 iρ2t+iφ
2
[− iαkσ(x+ 2σρt) + αkρ − iβkσ]

 (λk = iσρ), (15)
where σ = ±1, hk =
√
λ2k + ρ
2, ξk = x − 2 iλkt, and αk and βk are free complex parameters. If taking
λk = ibkρ with 0 < |bk| < 1 and bk 6= bj for all 1 ≤ k ≤ N , the potential transformation (4) can give rise
to a chain of exponential soliton solutions [14]. Instead, if λ2, . . . , λN → λ1 = iσρ (which corresponds to
n = 1 and l1 = N − 1 in Eq. (8)), one can derive the rational soliton solutions from Eq. (10) [15]. It should
be noted that Eq. (8) contains quite a number of other degenerate cases which have been overlooked in the
previous studies. With N = 2 as an example, there are the following two cases remaining to be studied: (i)
λ1 = ibρ (0 < |b| < 1), λ2 = iσρ; (ii) λ2, λ1 → ibρ (0 < |b| < 1). In Sections 3 and 4, by considering
such two degenerate cases, we will derive two new types of mixed soliton solutions and discuss the soliton
interaction properties via asymptotic analysis.
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3 The first type of mixed soliton solution
In this section, by letting λ1 = i bρ (0 < |b| < 1) and λ2 = i σρ (σ = ±1), we use the elementary DT to
obtain the exponential-rational mixed soliton solution as follows:
u = ρe2 iρ
2t+iφ + 2
∣∣∣∣∣∣∣∣∣∣∣
f1 λ1f1 λ
2
1f1 g1
f2 λ2f2 λ
2
2f2 g2
−g¯1 −λ∗1g¯1 −λ∗21 g¯1 f¯1
−g¯2 −λ∗2g¯2 −λ∗22 g¯2 f¯2
∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣
f1 λ1f1 g1 −λ1g1
f2 λ2f2 g2 −λ2g2
−g¯1 −λ∗1g¯1 f¯1 −λ∗1f¯1
−g¯2 −λ∗2g¯2 f¯2 −λ∗2f¯2
∣∣∣∣∣∣∣∣∣∣∣
, (16)
with
f1 = α1e
iρ2t+ iφ
2 (eκξ1 + γ1e
−κξ1), (17a)
g1 = α1e
−iρ2t− iφ
2 (eκξ1−iθ − γ1e−κξ1+iθ), (17b)
f2 = α2e
iρ2t+ iφ
2 (η1 + γ2), (17c)
g2 = − iα2
ρ
e−iρ
2t− iφ
2 [σρ(η1 + γ2) + i], (17d)
ξ1 = x+ 2bρt, η1 = x+ 2σρt, κ = ρ
√
1− b2, (17e)
θ = arctan(b/
√
1− b2), γk = βk/αk (k = 1, 2), (17f)
where f¯k = f
∗
k (−x, t), g¯k = g∗k(−x, t) (k = 1, 2), −π/2 < θ < π/2, γ1 and γ2 are two complex
parameters. Note that α1 and α2 will be canceled out when fk and gk (k = 1, 2) are substituted into
Eq. (16). For convenience, we define γ1 = r1e
iϕ1 with −π < ϕ1 ≤ π and r1 > 0 being a real constant.
3.1 Asymptotic analysis
We use the asymptotic analysis method to study the soliton interactions described by solution (16). It turns
out that solution (16) has four different asymptotic soliton states when |t| → ∞, which are given as follows:
(i) If ξ1 = x + 2bρt = O(1), from ξ¯1 = −ξ1 + 4bρt we have ξ¯1 → ±∞ as sgn(b)t → ±∞. Then,
calculating the limit of solution (16) when ξ¯1 → ±∞ gives the following asymptotic expression in
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the exponential form
u→


u+1 = ρe
2 iρ2t+iφ
[
1 +
i(1 + e2iθ)
b r1e−2κξ1+i(θ+ϕ1) − i
]
(sgn(b)t→∞),
u−1 = ρe
2 iρ2t+iφ
[
1− i(1 + e
−2iθ)
b r−11 e2κξ1−i(θ+ϕ1) + i
]
(sgn(b)t→ −∞),
(18a)
|u| → |u±1 | = ρ
[
1 +
2
√
1− b2 sin(ϕ1)
sgn(b) cosh(2κξ1 +∆
±
1 )− sin (θ + ϕ1)
] 1
2
, (18b)
with ∆±1 = − ln
(
r1|b|±1
)
. It can be seen from Eq. (18b) that u±1 has no singularity if and only if γ1
and b satisfy
sin (θ + ϕ1) 6= sgn(b), (19)
and it is localized in the line 2κξ1 +∆
±
1 = 0. For b sin (ϕ1) > 0 and b sin (ϕ1) < 0, u
±
1 can, respec-
tively, represent an exponential antidark (EAD) soliton on top of the cw background u = ρ e2 iρ
2t+iφ
and an exponential dark (ED) soliton beneath the same background.
(ii) If ξ¯1 = −x + 2bρt = O(1), from ξ1 = −ξ¯1 + 4bρt we also have ξ1 → ±∞ as sgn(b)t → ±∞.
Then, calculating the limit of solution (16) when ξ1 → ±∞ gives another asymptotic expression in
the exponential form
u→


u+2 = ρe
2 iρ2t+iφ
[
1− i(1 + e
2iθ)
b r1e−2κξ¯1−i(θ+ϕ1) + i
]
(sgn(b)t→∞),
u−2 = ρe
2 iρ2t+iφ
[
1 +
i(1 + e−2iθ)
b r−11 e2κξ¯1+i(θ+ϕ1) − i
]
(sgn(b)t→ −∞),
(20a)
|u| → |u±2 | = ρ
[
1 +
2
√
1− b2 sin (2θ + ϕ1)
sgn(b) cosh(−2κξ¯1 −∆±1 )− sin (θ + ϕ1)
] 1
2
. (20b)
When condition (19) is satisfied, u±2 is also nonsingular and is located in the line 2κξ¯1+∆
±
1 = 0. Like-
wise, u±2 can display the EAD and ED soliton profiles which are associated with b sin (2θ + ϕ1) > 0
and b sin (2θ + ϕ1) < 0, respectively.
(iii) If η1 = x + 2σρt = O(1), from ξ1 = η1 + 2(b − σ)ρt and ξ¯1 = −η1 + 2(b + σ)ρt we know
that ξ1 → ∓∞ and ξ¯1 → ±∞ as σt → ±∞. Then, by taking the limit of of solution (16) when
ξ1,−ξ¯1 → −∞ and ξ1,−ξ¯1 →∞, we have the following asymptotic expression in the rational form
u→ u±3 = ρe2 iρ
2t+iφ
[
1 +
2σ
2 iρ(η1 + γ2)− σ ± 2 i sec(θ)
]
(σt→ ±∞), (21a)
|u| → |u±3 | = ρ
{
1− 8 ρ σγ2I
4
[
ρη1 + ργ2R ± sec(θ)
]2
+ (2ργ2I + σ)2
} 1
2
. (21b)
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Apparently, u±3 has no singularity if and only if
2ργ2I + σ 6= 0, (22)
and it can describe an rational antidark (RAD) soliton for σγ2I < 0 or an rational dark (RD) soliton
for σγ2I > 0 in the line η1 + γ2R ± sec(θ)ρ = 0.
(iv) If η¯1 = −x+2σρt = O(1), from ξ1 = −η¯1+2(b+σ)ρt and ξ¯1 = η¯1+2(b−σ)ρtwe have ξ1 → ±∞
and ξ¯1 → ∓∞ as σt → ±∞. Then, by taking the limit of of solution (16) when ξ1,−ξ¯1 → ∞ and
ξ1,−ξ¯1 → −∞, we obtain another asymptotic expression in the rational form
u→ u±4 = ρe2 iρ
2t+iφ
[
1 +
2σ
2 iρ(η¯1 + γ∗2) + σ ± 2 i sec(θ)
]
(σ t→ ±∞), (23a)
|u| → |u±4 | = ρ2
{
1 +
8 (1 + ρ σγ2I)
4
[− ρη¯1 − ργ2R ∓ sec(θ)]2 + (2ργ2I + σ)2
} 1
2
. (23b)
When condition (22) is satisfied, u±4 is also nonsingular and it can represent an RAD soliton for
σγ2I > −1ρ or an RD soliton for σγ2I < −1ρ in the line η¯1 + γ2R ± sec(θ)ρ = 0.
3.2 Properties of soliton interactions
As shown in the above asymptotic analysis, solution (16) admits four pairs of asymptotic solitons (u+i , u
−
i )
(1 ≤ i ≤ 4) which are localized in four different directions in the xt plane. Below, based on Eqs. (18a)–
(23b), we further reveal the soliton interaction properties described by solution (16):
(i) For each pair of asymptotic solitons (u+i , u
−
i ), their intensities have the same amplitudes (i.e., |u±i |2max−
ρ2 for the antidark soliton or ρ2 − |u±i |2min for the dark soliton):
A±1 =
2ρ2
√
1− b2| sin(ϕ1)|
1− sgn(b) sin(θ + ϕ1) , A
±
2 =
2ρ2
√
1− b2 | sin(2θ + ϕ1)|
1− sgn(b) sin(θ + ϕ1) , (24a)
A±3 =
8ρ3|γ2I |
(1 + 2ρσγ2I)2
, A±4 =
8ρ2|1 + σργ2I |
(1 + 2σργ2I)2
. (24b)
(ii) The envelope velocity of u+i is exactly equal to that of u
−
i , i.e.,
v+1 = v
−
1 = −2 ρ b, v+2 = v−2 = 2 ρ b, v+3 = v−3 = 2σρ, v+4 = v−4 = −2σρ. (25)
(iii) All the exponential and rational solitons undergo the phase shifts for their envelopes and the phase
differences can be given by
δφ1 = −δφ2 = ∆+1 −∆−1 = −2 ln |b|, δφ3 = −δφ4 = 2 sec(θ), (26)
which is contrast to that there is no phase shift in the rational soliton solutions [15].
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Therefore, all the interacting solitons can retain their individual shapes, amplitudes and velocities upon their
mutual interactions except for some phase shift, which meets the nature of elastic soliton interactions.
Recalling that each pair of asymptotic solitons (u+i , u
−
i ) (1 ≤ i ≤ 4) in solution (16) could be of the dark
or antidark type, one can obtain a large variety of elastic soliton interactions. To illustrate, Figs. 1(a)–1(f)
present some examples of four-soliton interactions. In particular, some soliton pair(s) (u+i , u
−
i ) will vanish
(i.e., the amplitude of |u±i |2 becomes zero), and the relevant parametric condition is sin (ϕ1) = 0 for i = 1,
sin (2θ + ϕ1) = 0 for i = 2, γ2I = 0 for i = 3, and σγ2I = −1ρ for i = 4. For those particular cases,
the four-soliton interaction degenerates to a three-soliton interaction or even to a two-soliton interaction, as
shown in Figs. 2(a)–2(e). However, the degenerate four-soliton interactions cannot be simply regarded as
the conventional three- or two-soliton interactions since there are still the trace for the vanishing asymptotic
soliton(s) in the near-field region (see Figs. 2(a)–2(e)). In Tables 1 and 2, we list all the possible cases of
the exponential and rational asymptotic solitons and their related parametric conditions. The combinatorial
calculation indicates that solution (16) can describe a total of forty different types of soliton interactions.
Table 1: Types of the exponential asymptotic solitons u±1 and u
±
2 with different parametric conditions.
Parametric conditions
Asymptotic soliton u±
1
[sgn(b) t→ ±∞]
Asymptotic soliton u±
2
[sgn(b) t→ ±∞]
b sin (ϕ1) > 0, b sin (2θ + ϕ1) > 0 EAD soliton EAD soliton
b sin (ϕ1) > 0, b sin (2θ + ϕ1) < 0 EAD soliton ED soliton
b sin (ϕ1) < 0, b sin (2θ + ϕ1) > 0 ED soliton EAD soliton
b sin (ϕ1) < 0, b sin (2θ + ϕ1) < 0 ED soliton ED soliton
b sin (ϕ1) > 0, sin (2θ + ϕ1) = 0 EAD soliton Vanish
b sin (ϕ1) < 0, sin (2θ + ϕ1) = 0 ED soliton Vanish
sin (ϕ1) = 0, b sin (2θ + ϕ1) > 0 Vanish EAD soliton
sin (ϕ1) = 0, b sin (2θ + ϕ1) < 0 Vanish ED soliton
4 The second type of mixed soliton solution
In this section, we consider that both λ1 and λ2 degenerate to i bρ with 0 <| b |< 1. For simplicity, we set
ǫ1 = ǫ2 = δ
2 and λ1 = λ2 = iσρ(1 + δ
2), and take
α1,2 = α
′
1e
h1(s1+s2δ2), β1,2 = β
′
1e
−h1(s1+s2δ2), (27)
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(a) (b) (c)
(d) (e) (f)
Figure 1: Six types of non-degenerate four-soliton interactions via solution (16): (a) EAD-EAD-RAD-RAD soliton
interaction with ρ = 1
2
, b = 3
10
, φ = 0, σ = −1, γ1 = − 120 + 110 i and γ2 = 15 i; (b) EAD-EAD-RD-RAD soliton
interaction with ρ = 1, b = 1
4
, φ = 0, σ = 1, γ1 = 1 +
1
8
i and γ2 = i; (c) EAD-ED-RAD-RAD soliton interaction
with ρ = 1
2
, b = 3
10
, φ = 0, σ = −1, γ1 = −1 + 12 i and γ2 = 15 i; (d) EAD-ED-RD-RAD soliton interaction with
ρ = 1, b = 1
4
, φ = 0, σ = 1, γ1 = −1+ 18 i and γ2 = i; (e) ED-ED-RAD-RAD soliton interaction with ρ = 12 , b = 12 ,
φ = 0, σ = 1, γ1 = − 15 i and γ2 = − 15 i; (f) ED-ED-RAD-RD soliton interaction with ρ = 1, b = 35 , φ = 0, σ = 1,
γ1 = −2 i and γ2 = −2 i.
where |δ| ≪ 1 is a small parameter, and s1 and s2 are two arbitrary complex numbers. Based on the
generalized DT, we must expand fk and gk (k = 1, 2) at λ1,2 = i bρ in the way of Eqs. (12) and (13) up to
j = 1. Then, the second type of mixed soliton solution can be obtained as follows:
u = ρ e2 iρ
2t+iφ + 2
∣∣∣∣∣∣∣∣∣∣∣
f
(0,0)
1 f
(1,0)
1 f
(2,0)
1 g
(0,0)
1
f
(0,1)
1 f
(1,1)
1 f
(2,1)
1 g
(0,1)
1
−g¯(0,0)1 −g¯(1,0)1 −g¯(2,0)1 f¯ (0,0)1
−g¯(0,1)1 −g¯(1,1)1 −g¯(2,1)1 f¯ (0,1)1
∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣
f
(0,0)
1 f
(1,0)
1 g
(0,0)
1 −g(1,0)1
f
(0,1)
1 f
(1,1)
1 g
(0,1)
1 −g(1,1)1
−g¯(0,0)1 −g¯(1,0)1 f¯ (0,0)1 −f¯ (1,0)1
−g¯(0,1)1 −g¯(1,1)1 f¯ (0,1)1 −f¯ (1,1)1
∣∣∣∣∣∣∣∣∣∣∣
, (28)
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(a) (b) (c)
(d) (e)
Figure 2: Five types of degenerate four-soliton interactions via solution (16): (a) EAD-EAD-V-RAD soliton interac-
tion with ρ = 1
2
, b = 1
4
, φ = 0, σ = −1, γ1 = −1 + i and γ2 = 0. (b) EAD-ED-V-RAD soliton interaction with
ρ = 1
2
, b = 1
2
, φ = 0, σ = −1, γ1 = −1 + 12 i and γ2 = 0. (c) ED-ED-V-RAD soliton interaction with ρ = 12 , b = 14 ,
φ = 0, σ = −1, γ1 = −1 − 12 i and γ2 = 0. (d) EAD-V-V-RAD soliton interaction with ρ = 12 , b = 14 , φ = 0,
σ = −1, γ1 = − 7
2
√
15
+ 1
2
i and γ2 = 0. (e) V-ED-V-RAD soliton interaction with ρ =
1
2
, b = 1
4
, φ = 0, σ = −1,
γ1 = −1 and γ2 = 0. Here, “V” represents the vanishment of an asymptotic soliton as |t| → ∞.
with
f
(0,0)
1 = α
′
1e
iρ2t+ iφ
2
(
eκ(ξ1+s1) + γ1e
−κ(ξ1+s1)), (29a)
f
(0,1)
1 = −
α′1ρχ(x, t)√
1− b2 e
iρ2t+ iφ
2
(
eκ(ξ1+s1) − γ1e−κ(ξ1+s1)
)
, (29b)
f
(k,0)
1 = (iρb)
kf
(0,0)
1 , f
(k,1)
1 = (iρb)
kf
(0,1)
1 + kf
(k,0)
1 (k = 1, 2), (29c)
g
(0,0)
1 = α
′
1e
−iρ2t− iφ
2
(
eκ(ξ1+s1)−iθ − γ1e−κ(ξ1+s1)+iθ
)
, (29d)
g
(0,1)
1 =
−α′1[ρχ(x, t) + ib]√
1− b2 e
−iρ2t− iφ
2
(
eκ(ξ1+s1)−iθ + γ1e−κ(ξ1+s1)+iθ
)
, (29e)
g
(k,0)
1 = (iρb)
kg
(0,0)
1 , g
(k,1)
1 = (iρb)
kg
(0,1)
1 + kg
(k,0)
1 (k = 1, 2), (29f)
χ(x, t) = (b2 − 1)(2bρt+ s2) + b2(ξ1 + s1), ξ1 = x+ 2bρt, (29g)
κ = ρ
√
1− b2, θ = arctan(b/
√
1− b2), γ1 = β′1/α′1 = r1eiϕ1 , (29h)
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Table 2: Types of the rational asymptotic solitons u±3 and u
±
4 with different parametric conditions.
Parametric conditions
Asymptotic soliton u±
3
(σ t→ ±∞)
Asymptotic soliton u±
4
(σ t→ ±∞)
σγ2I < − 1ρ RAD soliton RD soliton
− 1
ρ
< σγ2I < 0 RAD soliton RAD soliton
σγ2I > 0 RD soliton RAD soliton
γ2I = 0 Vanish RAD soliton
σγ2I = − 1ρ RAD soliton Vanish
where −π/2 < θ < π/2, −π < ϕ1 < π, r1 > 0 is a real constant, the bar denotes the combination of com-
plex conjugate and space reversal, and α′1 will be canceled out when Eqs. (29a)–(29h) are substituted into
Eq. (28). Also, this solution is in the mixed exponential-rational form since it includes both the exponential
terms e±κξ1 , e±κξ¯1 and algebraic terms χ(x, t), χ¯(x, t). In the following, we will develop the asymptotic
analysis method so as to understand the solitonic behavior in solution (28).
4.1 Asymptotic analysis
To begin with, we argue that the asymptotic solitons of solution (28) cannot be located in any straight line
x − c t′ = const with t′ = sgn(b)t. Noticing that ξ1 − (x − c t′) = (c + 2|b|ρ)t′ and −ξ¯1 − (x − c t′) =
(c− 2|b|ρ)t′, we have the asymptotic behavior of ξ1 and −ξ¯1 when t′ → ±∞:
ξ1 →


±∞, c > −2|b|ρ,
O(1), c = −2|b|ρ,
∓∞, c < −2|b|ρ,
ξ¯1 →


∓∞, c > 2|b|ρ,
O(1), c = 2|b|ρ,
±∞, c < 2|b|ρ.
(30)
Thus, no matter whether c is equal to ±2|b|ρ or not, the limit of solution (28) along the line x− c t′ = const
as t′ → ±∞ is a plane wave, that is,
limt′→±∞u =


ρe2 iρ
2t+iφ (|c| > 2|b|ρ),
ρe2 iρ
2t+iφ±4iθ (−2|b|ρ < c < 2|b|ρ),
−ρe2 iρ2t+iφ±2iθ (c = ±2|b|ρ),
(31)
which implies that there is no asymptotic soliton lying in any straight line of the xt plane.
Next, we consider that the asymptotic solitons of solution (28) are located in some curves F (x, t′) = 0.
Because −Ft′
Fx
6= const, both ξ1 and ξ¯1 will tend to +∞ or −∞ along F (x, t′) = 0 as t′ →∞. Thus, before
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explicitly determining the curves F (x, t′) = 0, one can calculate the intermediate asymptotic expressions
of solution (28) by letting ξ¯1 → ±∞ or ξ1 → ±∞. If precedently taking ξ¯1 → ±∞ for solution (28), we
have the limits as follows:
u→ uI =ρe2 iρ2t+iφ
×
{
1 +
4b
√
1− b2[e2κ(ξ1+s1) + γ1(1 +
√
1− b2 ζ)]
ωe2κ(ξ1+s1) − 2b√1− b2 γ1(1 + ζe−iθ)− ib4γ21e−2κ(ξ1+s1)
}
(ξ¯1 → +∞), (32)
u→ uII =ρe2 iρ2t+iφ
×
{
1 +
4b
√
1− b2 [γ1e2κ(ξ1+s1)(1−
√
1− b2 ζ) + γ21 ]
ib4e4κ(ξ1+s1) − 2b√1− b2 γ1e2κ(ξ1+s1)(1− ζeiθ) + ω∗γ21
}
(ξ¯1 → −∞), (33)
with ω = −ie−2iθ and ζ = 2ρ[b2(ξ1 + s1 + s2) − s2] − 4ρ2|b|(1 − b2)t′. Here, both Eqs. (32) and (33)
contain two independent variables ξ1 and t
′, so that the soliton center trajectories cannot be directly obtained
by calculating the extreme values of |uI|2 and |uII|2.
In fact, there must be some balance between ξ1 and t
′ in Eqs. (32) and (33) when an asymptotic soliton
appears as t′ → ±∞. By the method of dominant balance [42], we assume that
t′ ∼W (x, t)(e2κξ1)p, W (x, t) = O(1), (34)
where p is a constant to be determined. It can be found that as t′ → ±∞ both Eqs. (32) and (33) approaches
a plane wave as given in Eq. (31) for all the cases when p 6= ±1. Therefore, Eq. (34) with p = ±1 is the only
allowed balance for deriving the asymptotic solitons from Eqs. (32) and (33). With an elaborate computation
on Mathematica, we obtain that there are four asymptotic solitons in the mixed exponential-rational form:
(i) IfW (x, t) = t′e−2κξ1 = O(1), we take the limit of uI when ξ1 → +∞, yielding
uI → u+1 = ρe2 iρ
2t+iφ
{
1 +
4b
√
1− b2ω∗[1− 4ρ2γ1b(1− b2)32 t e−2κ(ξ1+s1)]
1 + 8 iρ2γ1b2(1− b2)32 eiθt e−2κ(ξ1+s1)
}
, (35a)
|uI| → |u+1 | = ρ
[
1 +
2
√
1− b2 sin(ϕ1 − 2κs1I)
sgn(b) cosh(2κξ1 + 2κs1R − ln Ξ+1 )− sin(θ + ϕ1 − 2κs1I)
] 1
2
, (35b)
with Ξ+1 = 8ρ
2r1b
2(1− b2)32 t′. When ϕ1, b and s1 satisfy
θ + ϕ1 − 2κs1I 6= 2kπ + 1
2
sgn(b)π (k ∈ Z), (36)
u+1 is nonsingular and it can represent an mixed antidark (MAD) soliton for sgn(b) sin(ϕ1−2κs1I) >
0 or an mixed dark (MD) soliton for sgn(b) sin(ϕ1 − 2κs1I) < 0. Note that the asymptotic expres-
sion (35a) is obtained by orderly letting ξ¯1, ξ1 → +∞. Since ξ1 + ξ¯1 = 4ρ|b|t′ → +∞, u+1 appears
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as an asymptotic state of solution (28) as t′ → +∞. Meanwhile, calculating the extreme value of
|u+1 |2 shows that the soliton center trajectory is
C+1 : t′e−κξ1 =
e2κs1R
8ρ2r1b2(1− b2)32
(t′ > 0), (37)
where its slope is given by
K+1 = −
1
2|b|ρ +
1
2|b|ρ− 8ρ3b2√1− b2 t′ . (38)
Observing that K+1 < − 12|b|ρ when t′ > 14ρ2|b|√1−b2 , we know that the asymptotic soliton u
+
1 lies in
the region between the direction l1 : t
′ = − 12|b|ρx and positive t′-axis, as seen in Fig. 3.
(ii) IfW (x, t) = t′e2κξ1 = O(1), we take the limit of uII when ξ1 → −∞, yielding
uII → u−1 = ρe2 iρ
2t+iφ
{
1 +
4b
√
1− b2ω[γ1 + 4ρ2b(1− b2)32 t e2κ(ξ1+s1)]
γ1 + 8iρ2b2(1− b2)32 e−iθt e2κ(ξ1+s1)
}
, (39a)
|uII| → |u−1 | = ρ
[
1 +
2
√
1− b2 sin(ϕ1 − 2κs1I)
sgn(b) cosh(2κξ1 + 2κs1R + lnΞ
−
1 )− sin(θ + ϕ1 − 2κs1I)
] 1
2
, (39b)
with Ξ−1 = −8ρ2b2(1 − b2)
3
2 t′/r1. When condition (36) is satisfied, u−1 is also nonsingular and it
can represent an MAD soliton for sgn(b) sin(ϕ1 − 2κs1I) > 0 or an MD soliton for sgn(b) sin(ϕ1 −
2κs1I) < 0. Since the asymptotic expression (39a) is obtained by orderly letting ξ¯1, ξ1 → −∞, one
immediately has ξ1+ ξ¯1 = 4ρ|b|t′ → −∞. That is, u−1 appears as an asymptotic state of solution (28)
as t′ → −∞. Via the extreme value analysis, the soliton center trajectory of u−1 can be determined as
C−1 : t′eκξ1 = −
r1e
−2κs1R
8ρ2b2(1− b2)32
(t′ < 0), (40)
and its slope is given by
K−1 = −
1
2|b|ρ +
1
2|b|ρ+ 8ρ3b2√1− b2 t′ , (41)
which implies that K−1 < − 12|b|ρ when t′ < − 14ρ2|b|√1−b2 . Therefore, the asymptotic soliton u
−
1 is
located in the region between the direction l1 and negative t
′-axis, as seen in Fig. 3.
(iii) IfW (x, t) = t′e2κξ1 = O(1), we take the limit of uI when ξ1 → −∞, yielding
uI → u+2 = ρe2 iρ
2t+iφ
[
1− 16ρ
2(1− b2)2t e2κ(ξ1+s1)
8ρ2(1− b2) 32 e−iθt e2κ(ξ1+s1) − ib2γ1
]
, (42a)
|uI| → |u+2 | = ρ
[
1− 2
√
1− b2 sin(ϕ1 − 2κs1I)
sgn(b) cosh(2κξ1 + 2κs1R + lnΞ
+
2 ) + sin(θ + ϕ1 − 2κs1I)
] 1
2
, (42b)
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with Ξ+2 = 8ρ
2(1− b2)32 t′/(b2r1). When ϕ1, b and s1 satisfy
θ + ϕ1 − 2κs1I 6= 2kπ − 1
2
sgn(b)π (k ∈ Z), (43)
u+2 is nonsingular and it can represent an MAD soliton for sgn(b) sin(ϕ1 − 2κs1I) < 0 or an MD
soliton for sgn(b) sin(ϕ1 − 2κs1I) > 0. Note that the asymptotic expression (42a) is obtained by
orderly letting ξ¯1 → +∞ and ξ1 → −∞, which implies that (ξ1 − ξ¯1)/2 = x → −∞. Meanwhile,
calculation of the extreme value of |u+2 |2 shows that the soliton center trajectory is
C+2 : t′eκξ1 =
b2r1e
−2κs1R
8ρ2(1− b2)32
(t′ > 0), (44)
where its slope is given by
K+2 = −
1
2|b|ρ +
1
2|b|ρ+ 8ρ3b2√1− b2 t′ . (45)
Noticing that − 12|b|ρ < K+2 < 0 for t′ > 0 and K+2 < − 12|b|ρ when t′ < −14ρ2|b|√1−b2 , we know that
u+2 must appear as an asymptotic soliton of solution (28) as t
′ → +∞, and it is located in the region
between the direction l1 and negative x-axis, as seen in Fig. 3.
(iv) IfW (x, t) = t′e−2κξ1 = O(1), we take the limit of uII when ξ1 → +∞, yielding
uII → u−2 = ρe2 iρ
2t+iφ
[
1− 16ρ
2(1− b2)2γ1te−2κ(ξ1+s1)
8ρ2(1− b2)32 γ1eiθte−2κ(ξ1+s1) − ib2
]
, (46a)
|uII| → |u−2 | = ρ
[
1− 2
√
1− b2 sin(ϕ1 − 2κs1I)
sgn(b) cosh(2κξ1 + 2κs1R − ln Ξ−2 ) + sin(θ + ϕ1 − 2κs1I)
] 1
2
, (46b)
with Ξ−2 = −8ρ2(1 − b2)
3
2 r1t
′/b2. When condition (43) is satisfied, u−2 is also nonsingular and it
can represent an MAD soliton for sgn(b) sin(ϕ1 − 2κs1I) < 0 or an MD soliton for sgn(b) sin(ϕ1 −
2κs1I) > 0. Since the asymptotic expression (46a) is obtained by orderly letting ξ¯1 → −∞ and
ξ1 → +∞, one immediately have (ξ1 − ξ¯1)/2 = x → +∞. Via the extreme value analysis, the
soliton center trajectory of u−2 can be determined as
C−2 : t′e−κξ1 = −
b2e2κs1R
8ρ2(1− b2)32 r1
(t′ < 0), (47)
and its slope is given by
K−2 = −
1
2|b|ρ +
1
2|b|ρ− 8ρ3b2√1− b2 t′ , (48)
which implies that − 12ρ|b| < K−2 < 0 for t′ < 0 and K−2 < − 12ρ|b| when t′ > 14ρ2|b|√1−b2 . Therefore,
u−2 must appear as an asymptotic soliton of solution (28) as t
′ → −∞, and it is located in the region
between the direction l1 and positive x-axis, as seen in Fig. 3.
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On the other hand, by precedently taking ξ1 → ±∞ for solution (28), we have another two intermediate
asymptotic expressions:
u→ uIII = ρe2 iρ2t+iφ
×
{
1 +
4b
√
1− b2 [ω∗e2κ(ξ¯1+s∗1) + iγ∗1(2ib√1− b2 −√1− b2 ζ¯ − 1)]
e2κ(ξ¯1+s
∗
1
) + 2ib
√
1− b2 γ∗1(e−2iθ + ζ¯e−iθ) + ib4ωγ∗12e−2κ(ξ¯1+s
∗
1
)
}
(ξ1 →∞), (49)
u→ uIV = ρe2 iρ2t+iφ
×
{
1 +
4b
√
1− b2 [γ∗1e2κ(ξ¯1+s∗1)(√1− b2 ζ¯ − 2ib√1− b2 − 1) + iωγ∗12]
ω∗b4e4κ(ξ¯1+s∗1) + 2b
√
1− b2 γ∗1e2κ(ξ¯1+s
∗
1
)(e2iθ − ζ¯eiθ) + iγ∗12
}
(ξ1 → −∞), (50)
with ζ¯ = 2ρ[b2(ξ¯1 + s
∗
1 + s
∗
2) − s∗2] − 4ρ2|b|(1 − b2)t′. With an asymptotic analysis of Eqs. (49) and (50)
like the above treatment on Eqs. (32) and (33), the other four mixed asymptotic solitons of solution (28) can
be obtained as follows:
(i) Taking the limit of uIII when ξ¯1 → +∞, the asymptotic expression along the curve W (x, t) =
t′e−2κξ¯1 = O(1) is given by
uIII → u+3 = ρe2 iρ
2t+iφ
{
1 +
4b
√
1− b2 [iω∗ − 4ρ2b(1− b2)32 γ∗1t e−2κ(ξ¯1+s∗1)]
i+ 8ρ2b2(1− b2)32 γ∗1e−iθt e−2κ(ξ¯1+s
∗
1
)
}
, (51a)
|uIII| → |u+3 | = ρ
[
1 +
2
√
1− b2 sin(2θ + ϕ1 − 2κs1I)
sgn(b) cosh(2κξ¯1 + 2κs1R − ln Ξ+1 )− sin(θ + ϕ1 − 2κs1I)
] 1
2
, (51b)
where the superscript “+” means t′ → +∞.
(ii) Taking the limit of uIV when ξ¯1 → −∞, the asymptotic expression along the curve W (x, t) =
t′e2κξ¯1 = O(1) is given by
uIV → u−3 = ρe2 iρ
2t+iφ
{
1 +
4b
√
1− b2[iωγ∗1 − 4ρ2b(1− b2)32 te2κ(ξ¯1+s∗1)]
iγ∗1 + 8ρ2b2(1− b2)
3
2 eiθte2κ(ξ¯1+s
∗
1
)
}
, (52a)
|uIV| → |u−3 | = ρ
[
1 +
2
√
1− b2 sin(2θ + ϕ1 − 2κs1I)
sgn(b) cosh(2κξ¯1 + 2κs1R + lnΞ
−
1 )− sin(θ + ϕ1 − 2κs1I)
] 1
2
, (52b)
where the superscript “−” means t′ → −∞.
(iii) Taking the limit of uIII when ξ¯1 → −∞, the asymptotic expression along the curve W (x, t) =
t′e2κξ¯1 = O(1) is given by
uIII → u+4 = ρe2 iρ
2t+iφ
[
1− 16ρ
2(1− b2)2te2κ(ξ¯1+s∗1)
8ρ2(1− b2)32 e−iθte2κ(ξ¯1+s∗1) − b2ωγ∗1
]
, (53a)
|uIII| → |u+4 | = ρ
[
1− 2
√
1− b2 sin(2θ + ϕ1 − 2κs1I)
sgn(b) cosh(2κξ¯1 + 2κs1R + lnΞ
+
2 ) + sin(θ + ϕ1 − 2κs1I)
] 1
2
, (53b)
where the superscript “+” means t′ → +∞.
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(iv) Taking the limit of uIV when ξ¯1 → +∞, the asymptotic expression along the curve W (x, t) =
t′e−2κξ¯1 = O(1) is given by
uIV → u−4 = ρe2 iρ
2t+iφ
[
1− 16ρ
2(1− b2)2γ∗1te−2κ(ξ¯1+s
∗
1
)
8ρ2(1− b2)32 γ∗1eiθte−2κ(ξ¯1+s
∗
1
) + b2ω∗
]
, (54a)
|uIV| → |u−4 | = ρ
[
1− 2
√
1− b2 sin(2θ + ϕ1 − 2κs1I)
sgn(b) cosh(2κξ¯1 + 2κs1R − ln Ξ−2 ) + sin(θ + ϕ1 − 2κs1I)
] 1
2
, (54b)
where the superscript “−” means t′ → −∞.
l2
l2 l1
l1
u1
+
u2
+
u1
-
u2
-
u3
+
u3
-
u4
+
u4
-
x
t'
Figure 3: Schematic diagrams for the distribution of eight asymptotic solitons in solution (28), where the dashed oval
stands for the soliton interaction region.
As seen from Eqs. (51a)–(54b), we know that u±3 is nonsingular with condition (36) and it can describe
an MAD soliton for sgn(b) sin(2θ+ϕ1−2κs1I) > 0 or an MD soliton for sgn(b) sin(2θ+ϕ1−2κs1I) < 0;
u±4 is nonsingular with condition (43) and it can describe an MAD soliton for sgn(b) sin(2θ+ϕ1−2κs1I) <
0 or an MD soliton for sgn(b) sin(2θ+ϕ1−2κs1I) > 0. Meanwhile, the center trajectories and their slopes
of the asymptotic solitons u±3 and u
±
4 can be given as follows:
C+3 : t′e−2κξ¯1 =
e2κs1R
8ρ2b2(1− b2)32 r1
, K+3 =
1
2ρ|b| −
1
2ρ|b| − 8ρ3b2√1− b2 t′ , (55a)
C−3 : t′e2κξ¯1 = −
r1e
−2κs1R
8ρ2b2(1− b2)32
, K−3 =
1
2ρ|b| −
1
2ρ|b| + 8ρ3b2√1− b2 t′ , (55b)
C+4 : t′e2κξ¯1 =
b2r1e
−2κs1R
8ρ2(1− b2)32
, K+4 =
1
2ρ|b| −
1
2ρ|b|+ 8ρ3b2√1− b2 t′ , (55c)
C−4 : t′e−2κξ¯1 = −
b2e2κs1R
8ρ2(1− b2)32 r1
, K−4 =
1
2ρ|b| −
1
2ρ|b| − 8ρ3b2√1− b2 t′ . (55d)
It can be readily obtained that the slope K+3 >
1
2|b|ρ when t
′ > 1
4ρ2|b|√1−b2 , K
−
3 >
1
2|b|ρ when t
′ <
− 1
4ρ2|b|√1−b2 , 0 < K
+
4 <
1
2|b|ρ when t
′ > 0, and 0 < K−4 <
1
2|b|ρ when t
′ < 0. That is, the asymptotic
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soliton u+3 is situated between the direction l2 : t
′ = 12|b|ρx and positive t
′-axis, u−3 is between the direction
l2 and negative t
′-axis, u+4 is between the direction l2 and positive x-axis, and u
−
4 is between the direction l2
and negative x-axis. The distribution of four asymptotic soliton pairs in the xt′ plane can be found in Fig. 3.
The above asymptotic analysis of solution (28) is apparently more complicated than that of solution (16),
and unconventionally the center trajectories of eight asymptotic solitons u±i (1 ≤ i ≤ 4) are all along some
curved lines in the xt′ plane. Naturally, one may ask how well those asymptotic expressions approximate
the exact solution when |t′| ≫ 1. In Fig. 4, we compare the asymptotic solitons u±i (1 ≤ i ≤ 4) with the
exact solution (28) at different values of t′. The graphical comparison shows that the asymptotic expressions
give a good approximation to solution (28) for large values of t′.
4.2 Properties of soliton interactions
Based on the obtained asymptotic expressions in Subsection 4.1, we discuss the soliton interaction properties
of solution (28) in the following aspects:
(i) By calculating the absolute differences between |u±i |2max and ρ2 for the MAD solitons (or between
|u±i |2min and ρ2 for the MD solitons), we get the amplitudes for |u±i |2 (1 ≤ i ≤ 4) as follows:
A±1 =
2ρ2
√
1− b2| sin(ϕ1 − 2κs1I)|
1− sgn(b) sin(θ + ϕ1 − 2κs1I) , A
±
2 =
2ρ2
√
1− b2| sin(ϕ1 − 2κs1I)|
1 + sgn(b) sin(θ + ϕ1 − 2κs1I) , (56a)
A±3 =
2ρ2
√
1− b2| sin(2θ + ϕ1 − 2κs1I)|
1− sgn(b) sin(θ + ϕ1 − 2κs1I) , A
±
4 =
2ρ2
√
1− b2| sin(2θ + ϕ1 − 2κs1I)|
1 + sgn(b) sin(θ + ϕ1 − 2κs1I) , (56b)
which shows that each pair of asymptotic solitons (u+i , u
−
i ) have the same amplitudes.
(ii) Since the center trajectories of all asymptotic solitons are along some curved lines in the xt′ plane,
u±i (1 ≤ i ≤ 4) have the t′-dependent velocities, namely,
v±1 = −2|b|ρ+
1
2ρ
√
1− b2|t′| , v
±
2 = −2|b|ρ−
1
2ρ
√
1− b2|t′| , (57a)
v±3 = 2|b|ρ−
1
2ρ
√
1− b2|t′| , v
±
4 = 2|b|ρ +
1
2ρ
√
1− b2|t′| . (57b)
The absolute differences |v±1 − v±2 | and |v±3 − v±4 | will increase when t′ ranges from +∞ to 0, which
implies that the attraction between u±1 and u
±
2 (or between u
±
3 and u
±
4 ) gradually gets strengthened
in the near-field region. But as |t′| → +∞, v±1,2 → −2|b|ρ and v±3,4 → 2|b|ρ, so that the asymptotic
solitons u±1 and u
±
2 (u
±
3 and u
±
4 ) tend to be parallel to each other in the far-field region.
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(iii) There still exist the phase shifts for the envelopes of u+i and u
−
i (1 ≤ i ≤ 4), and the phase differences
can be given by
δφ1 = −δφ3 = − ln Ξ+1 − ln Ξ−1 = −2 ln[8ρ2b2(1− b2)
3
2 |t′|], (58a)
δφ2 = −δφ4 = lnΞ+2 + lnΞ−2 = 2 ln[8ρ2(1− b2)
3
2 |t′|/b2]. (58b)
In contrast to the fixed phase shifts in Eq. (26), the absolute phase differences |δφi| in Eqs. (58a)
and (58b) grow as |t′| increases in the logarithmical manner (see Fig. 5).
From the above analysis, we can regard the soliton interactions in solution (28) are still elastic in the
sense that the shapes and amplitudes of all interacting solitons are retained upon interaction, and that u+i
has the same velocity at t′ as that of u−i at −t′. Although each asymptotic soliton profile could be either the
dark or antidark type, solution (28) admits only four types of non-degenerate four-soliton interactions, as
shown in Figs. 6(a)–6(d). Note that u±1 and u
±
2 always have the opposite soliton profiles, so do u
±
3 and u
±
4
(see Table 3). This is because the parametric conditions determining the soliton profiles of u±i (1 ≤ i ≤ 4)
are not independent of each other. Besides, the four-soliton interaction can only degenerate to a two-soliton
interaction, that is, both u±1 and u
±
2 vanish as t
′ → ±∞ for sin(ϕ1− 2κs1I) = 0, or both u±3 and u±4 vanish
as t′ → ±∞ for sin(2θ + ϕ1 − 2κs1I) = 0. In Figs. 7(a)–7(d), we depict all the four types of degenerate
four-soliton interactions described by solution (28). Some small ripples can be observed in the near-field
region, but they will eventually disappear as long as |t′| is large enough. Accordingly, the degenerate cases
cannot be regarded as the conventional two-soliton interactions, neither.
5 Conclusions and discussions
It has been shown in Refs. [14, 15] that the defocusing nonlocal NLS equation admits both the exponential
and rational soliton solutions on the cw background ucw = ρ e
i (2ρ2t+φ). In this paper, by using the twice-
iterated DT and starting from the same seed ucw, we have constructed two new types of exponential-and-
rational mixed soliton solutions for Eq. (1) with ε = −1. Via the asymptotic analysis method, we have
revealed that there are two exponential solitons and two rational ones in the first type of solution, and four
mixed solitons in the second type of solution. The two types of solutions can exhibit a variety of elastic
four-soliton interactions since each asymptotic soliton could be either the dark or antidark type. Also, we
have discussed the degenerate cases when the four-soliton interaction reduces to a three-soliton or two-
soliton interaction. For such two types of mixed soliton solutions, we have given the parametric conditions
associated with all possible types of soliton interactions in Tables 1–3. Specially, we have revealed that
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Table 3: Types of mixed asymptotic solitons in solution (28) with different parametric conditions.
Parametric conditions u±
1
u±
2
u±
3
u±
4
sgn(b) sin(ϕ1 − 2κs1I) > 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) > 0
MAD soliton MD soliton MAD soliton MD soliton
sgn(b) sin(ϕ1 − 2κs1I) > 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) < 0
MAD soliton MD soliton MD soliton MAD soliton
sgn(b) sin(ϕ1 − 2κs1I) < 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) > 0
MD soliton MAD soliton MAD soliton MD soliton
sgn(b) sin(ϕ1 − 2κs1I) < 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) < 0
MD soliton MAD soliton MD soliton MAD soliton
sgn(b) sin(ϕ1 − 2κs1I) > 0,
sin(2θ + ϕ1 − 2κs1I) = 0
MAD soliton MD soliton Vanish Vanish
sgn(b) sin(ϕ1 − 2κs1I) < 0,
sin(2θ + ϕ1 − 2κs1I) = 0
MD soliton MAD soliton Vanish Vanish
sin(ϕ1 − 2κs1I) = 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) > 0
Vanish Vanish MAD soliton MD soliton
sin(ϕ1 − 2κs1I) = 0,
sgn(b) sin(2θ + ϕ1 − 2κs1I) < 0
Vanish Vanish MD soliton MAD soliton
the asymptotic solitons in the second type of solution have the t-dependent velocities and their phase shifts
before and after interaction also grow with |t| in the logarithmical manner, which is in sharp contrast with
that in the local NLS equation. Finally, we would like to discuss the following issues:
(i) It is a challenging work to find the sufficient and necessary nonsingular conditions for the soliton solu-
tions of an integrable nonlocal equation [15, 43]. Although all the asymptotic solitons of solution (16)
(or solution (28)) are globally nonsingular if and only if conditions (19) and (22) (or conditions (36)
and (43)) are satisfied, it does not mean that solution (16) (or solution (28)) has no singularity with the
same conditions. In fact, one may observe the singular phenomena in the near-field region t ≈ O(1)
even if these conditions hold. Accordingly, Eqs. (19) and (22) (or Eqs. (36) and (43))) are just the
necessary conditions for solution (16) (or solution (28)) to be nonsingular.
(ii) For the exponential multi-soliton solutions, the asymptotic solitons are usually localized in some
straight lines where there exists a balance between two or more dominant exponential terms of the
tau function [44, 45]. But in deriving the mixed asymptotic solitons of solution (28), we develop
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the asymptotic analysis method by considering the balance between some algebraic and exponential
terms. It turns out that all the mixed asymptotic solitons of solution (28) are localized in some curves
in the xt plane. In comparison, there is a well agreement between the asymptotic expressions and
solution (28) when |t| ≫ 1. Therefore, such method is valid and may be applicable to studying the
asymptotic behavior of multi-soliton solutions for other nonlocal evolution equations [27–37].
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Figure 4: (a) Comparison of the asymptotic solitons u+1 (blue dashed) and u
+
2 (red dashed) with the exact
solution (28) (black solid). (b) Comparison of the asymptotic solitons u+3 (purple dashed) and u
+
4 (green
dashed) with the exact solution (28) (black solid). (c) Comparison of the asymptotic solitons u−1 (blue
dashed) and u−2 (red dashed) with the exact solution (28) (black solid). (d) Comparison of the asymptotic
solitons u−3 (purple dashed) and u
−
4 (green dashed) with the exact solution (28) (black solid). The relevant
parameters are selected as ρ = 1, b = 14 , φ = 0, s1 = 0, s2 = 2 and γ1 = 3− i.
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Figure 5: The phase differences for the envelopes of u+i and u
−
i (1 ≤ i ≤ 4) versus t′, where the parameters
are selected as ρ = 1, b = 12 and φ = 0.
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Figure 6: Four types of non-degenerate four-soliton interactions via solution (28): (a) MAD-MD-MAD-MD soliton
interaction with ρ = 1, b = 1
4
, φ = 0, s1 = 0, s2 = 0 and γ1 = 3 + i. (b) MAD-MD-MD-MAD soliton interaction
with ρ = 1, b = 1
4
, φ = 0, s1 = 0, s2 =
1
2
i and γ1 = −3 + i. (c) MD-MAD-MAD-MD soliton interaction with
ρ = 1, b = 1
4
, φ = 0, s1 = 0, s2 = 0 and γ1 = 3− i. (d) MD-MAD-MD-MAD soliton interaction with ρ = 1, b = 14 ,
φ = 0, s1 = 0, s2 = 0 and γ1 =
1
2
− i.
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Figure 7: Four types of degenerate four-soliton interactions via solution (28): (a) MAD-MD-V-V interaction with
ρ = 1, b = 1
4
, φ = 0, s1 = 0, s2 =
1
5
i and γ1 = −1 +
√
15
7
i. (b) MD-MAD-V-V interaction with ρ = 1, b = 1
4
,
φ = 0, s1 = 0, s2 =
3
25
i and γ1 = 1 −
√
15
7
i. (c) V-V-MAD-MD interaction with ρ = 1, b = 1
4
, φ = 0, s1 = 0,
s2 = 0 and γ1 = 1. (d) V-V-MD-MAD interaction with ρ = 1, b =
1
4
, φ = 0, s1 = 0, s2 =
3
25
i and γ1 = −1. Here,
“V” represents the vanishment of an asymptotic soliton as |t| → ∞.
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